
A Positive Information Logic

Sebastian Sequoiah-Grayson
IEG - Computing Laboratory and Faculty of

Philosophy, Balliol College, University of
Oxford



PIL 2007, University of Oxford,
Nov. 3-4.

Acknowledgements

¥ Patrick Allo

¥ Luciano Floridi

¥ Giuseppe Primiero

¥ Greg Restall

¥ Mehrnoosh Sadrzadeh



PIL 2007, University of Oxford,
Nov. 3-4.

Background on the informational turn in logic

¥ Logic is essentially information-based.

¥ Points in semantic structures understood as information states.

¥ Propositions understood as sets of information states.

¥ State combination need not be complete or consistent.

¥ The turn has naturally partially arisen from research into
substructural logics.
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Background on the logical analysis of information

¥ A set S of information states.

¥ A partial order !  on S.

¥ Where x, y !  S, x !  y is read as: Òy contains at least the
information in xÓ etc.

¥ The heredity condition: For all A, if x "  A and x !  y, then y "  A.

¥ An information ordering leads straight to ordered structures,
hence information structures have had their semantics
analysed in terms of both algebraic and frame semantics
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The starting position, goal, and direction

¥ Informational Pluralism

¥ The positive information flow between different doxastic states
of an agent as the agent reasons deductively.

¥ The Information Gain from Inference (IGfI).

¥ We deduce in order to gain new information

¥ What are its properties and what is its behaviour?

¥ In frame semantics terms, what structural rules do we want to
include on our information frame "S, ! #?
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The Roadmap

¥ IGfI and Structural Rules

¥ IGfI and Connectives

¥ IGfI and Algebraic Structures

¥ Looking Forward
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Structural Rules and Structures

¥ X $  Y

¥ Structures X, Y,É , are made up out of formula A, B,É ,
concatenated via the binary punctuation mark Ô;Õ.

¥ The substructures of a structure are as fine-grained as the
formula of the structure, but not the sub-formula.

¥ The formula-level analogue to the semicolon is fusion, Ô%Õ. Ô%Õ
inherits its properties directly from Ô;Õ.
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Ô;Õ

¥ ÔX; YÕ - The result of the application of the information in X to the information in
Y.

¥ This much is immediate, given that we are working within the context of
information structures.

¥ Given this context, what properties do we want Ô;Õ to take?

¥ The various properties are captured via structural rules, hence the question
becomes: Given this context, what structural rules do we want to assign to Ô;Õ?

¥ Via informational pluralism, the answer will depend on the information-type
under consideration.

¥ The information-type is IGfI.
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The weakening and contraction rules (the easy cases)

¥ (K): X $  X; Y (Weakening)
¥ (K&): X $  Y: X (Commuted Weakening)
¥ (W): (X; Y): Y $  X: Y (Strong Contraction)
¥ (WI): X; X $  X (Weak Contraction)

¥ If K or K& were present, then we would loose track of which sets of information
states were in fact used in a deduction, as Y may be arbitrary. The presence of
the weakening rules causes explosion and irrelevance. Disallowing K and K& is
the mark of relevant logics.

¥ Given this much, if W or WI were present, then although we would not loose
track of what was used, we would loose track of how often it was used: we
would be blind to resource use. By disallowing W and WI along with K and K&,
we enter the family of linear logics.

¥ Linear logics are commutative and associative. Do these properties hold up with
respect to IGfI, or might we go weaker still? (Hint: go weaker!)
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The strong commutation rule

C: (X; Y); Z $  (X; Z); Y Strong Commutativity

¥ LetÕs cheat! We move straight to the level of formula, thus replacing Ô;Õ with Ô%Õ.

¥ Set up the following:

¥ A: p, B: p '  q, C: q, D: q '  r, E: r. In this case we have it that:

A % B # C

C % D #  E

ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ

(A % B) % D #  E

Via C, we can get from here to:

(A % D) % B #  E

¥ But this is a disaster! The result of applying the information in A to the information in D is nothing
such that were it to be applied to the information in B we would get any information at all, let alone
the information in E.

¥ By permitting C, we Òcome off the trailÓ taken by the information flow through the inference. We have
a good reason to reject C in the context of IGfI.
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Some associativity rules

B: X; (Y; Z) $  (X; Y); Z Associativity
Bc: (X; Y); Z $  X; (Y; Z) Converse Associativity

¥ Set up: A: p, B: p '  q, C: q, D: q '  r, E: r. In this case we have it that:

A % (B % D) #  E
Via B, we can get from here to:

(A % B) % D #  E

¥ But this is not a disaster! (since A % B #  C, and C % D #  E.)
¥ B is a natural property in the context of IGfI, since inference is a

sequential process.
¥ Bc follows via similar reasoning, we just go back in the other direction.
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The weak commutation rule

CI: X; Y $  Y; X Weak Commutativity

¥ CI follows from C, hence ruling out C does not on its own rule out CI.
Considered in isolation, CI does not lead to the disastrous (A % D) % B
#  E. However, it does do so in combination with B:

(A % B) % D
From here via B, we get:

A % (B % D)
From here via CI, we get:

A % (D % B)
From here via another application of B, we get:

(A % D) % B

¥ To say nothing of the odd interpretation youÕd need for a model with CI but not CÉ .
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We have an associative information frame

¥ Within the context specified by IGfI, our minimal
information frame, "S, ! #, has been extended to an
associative information frame.

¥ Although much more can and should be said about
information flow and structural rules, the position we
have arrived at is far from arbitrary. Our associative
information frame preserves the identification,
frequency, and order of sets of information states.

¥ We move now from structural rules to connectives.
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Our position on the Roadmap

¥ IGfI and Structural Rules

¥ IGfI and Connectives

¥ IGfI and Algebraic Structures

¥ Looking Forward
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The Positive Fragment

¥ An informational interpretation of negations is a topic unto itself. What
should we make of negative information?
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(

¥ Additive conjunction should be rejected:

¥ (  will merely capture the notion of two bodies of information being taken
together. By contrast, we are  concerned with the application of one body of
information to another, that is, with informational composition.

¥ Rejecting (  is equivalent to rejecting conjunctive closure:
Take a broadly epistemic operator  and a related agent and proposition: !  A
(an agent !  knows/believes that A).The conjunctive closure principle is as
follows:

CCP: If !  A and !  B, then !  (A (  B).

¥ It is entirely reasonable that CCP should fail in the context of IGfI. In fact, it
would be odd if it were to holdÉ .
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Local Reasoning vs. Global Reasoning

¥ We may think of global reasoning as analogous to logical omniscience. We are
not considering logically omniscient agents in the context of IGfI.

¥ We may think of local reasoning as reasoning under constraints. These are the
constraints imposed on natural agents in virtue of their being naturally resource
bound.

¥ In an act of inference, an agent is situated in that act of inference. !  may infer
that A, and !  may also infer that B, hence believe that A, and also believe that
B. These two inferential acts are not identical a single inferential act that that
results in A and B. !  may never infer to A (  B, nor entertain the belief (hence
never know) that A and B.

¥ On the basis of the two inferential acts and from a non-situated viewpoint, it
may be said of !  that !  (A (  B). Hence global reasoning corresponds to an
external perspective, and local reasoning corresponds to an internal
perspective.
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)  and *

¥ )  and *  should be rejected also, and doing so is straightforward:

¥ Accepting )  is equivalent to accepting the disjunctive closure principle:

DCP: If !  A, then !  (A )  B).

¥ DCP is rejected on grounds directly analogous to those underpinning
the rejection of CCP.

¥ *  is rejected straightforwardly. *  leads to explosion and irrelevance,
and nothing could be more damaging to the projected of modelling the
information gain for an agent situated in an inferential act.
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%

¥ % is as easy to accept as *  is to reject.

¥ % simply mirrors the behaviour of ; at the level of formula. Instead of
the information resulting from the combination of the information
contained in structures, % gives us the information resulting from the
combination of the information in individual formulae.

¥ The philosophical toil is in the specification of the properties of % in
any given context of application. We know from the toil above, that % is
associative in the context of IGfI. (Note that in this case we have it that
% is the algebraic binary composition relation, but more on this below.)
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+

¥ +  (fission) is the dual of %.

¥ In classical linear logic, +  is definable as follows:

A +  B := (A,  % B, ),

where Ô, Õ is linear negation. ,  is involutive, that is A = A, , , and hence a duality operator.

¥ Were we not restricting ourselves to the positive fragment of the logic, and were allowing , ,
then we would have +  straightforwardly.

¥ We would also have the following De Morgan duality:

(A % B),  = (A,  +  B, )
(A +  B),  = (A,  % B, )

¥ An informational interpretation of linear negation in the IGfI context is a worthy task, but we
are restricting ourselves to the positive fragment, soÉ .
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¥

¥ '  (intensional implication) is obviously relevant in the context of IGfI.

¥ Where Ô¥Õ is the combination operator on information states, the informational
interpretation of the ternary relation of frame semantics is as follows (where x,
y, z !  S):

Rxyz = x ¥ y !  z

The right-hand side is read: the information resulting from the combination of
the information in states x and y is contained in the information in state z.

¥ We need to interpret ¥. ¥ inherits it properties via %:

x " A % B iff for some y, z such that y ¥ z !  x, y "  A and z "  B.
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' , -

¥ We already have it that C and CI fail for %, hence:

x ¥ y .  y ¥ x

in which case:

Rxyz .  Ryxz.

¥ Accordingly, we have both right implication:

x "  A '  B iff for each y, z such that x ¥ y !  z, if y "  A then z "  B.

and left implication:

x "  B -  A iff for each y, z such that y ¥ x !  z, if y "  A then z "  B.
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"S, ! , %, ' , - #

¥ '  and -  are residuals %. The three connectives form a family
of sorts, with % as the ÒparentÓ, since it tells '  and -  how to
behave (and they always obey!).

¥ The properties originally assigned to Ô;Õ get inherited all the way
down, via %, to ¥, and hence R. Hence they directly impact
upon the nature of our implicational connective(s).

¥ We now know where we stand: The IGfI structure "S, ! , %, ' ,
- # is a double implicational associative information frame.

¥ This is just an informational interpretation of the Lambek
Associative Calculus: L. So we might call it ÒILÓ.
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Our position on the Roadmap

¥ IGfI and Structural Rules

¥ IGfI and Connectives

¥ IGfI and Algebraic Structures

¥ Looking Forward
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An algebraic structure: (S, / , $, ' , - )

¥ In the most general terms, an algebra is simply a set, together with some operations on that
set. An important algebraic structure for our purposes is a groupoid: A groupoid is a set
with a binary operation Ô$Õ on the set. If Ô$Õ is associative, then the groupoid is a semigroup.

¥ A groupoid with a partial ordering /  that is well-behaved with respect to $ (i.e., if x /  x& and
y /  y&, then x $ y /  x& $ y&) is a partially ordered groupoid. Importantly, in partially ordered
groupoids, $ is a match for %. [Note that /   .  ! , they are duals.]

¥ We get a match for '  and -  via the right residual and left residual respectively:

Right residual: x $ y /  z iff y /  x '  z

Left residual: x $ y /  z iff x /  z -  y

¥ A groupoid with both left and right residuals is a residuated groupoid.

¥ Hence, the algebraic structure (S, / , $, ' , - ) matching IL is a partially ordered residuated
semigroup.
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Our position on the Roadmap

¥ IGfI and Structural Rules

¥ IGfI and Connectives

¥ IGfI and Algebraic Structures

¥ Looking Forward
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t aka 1

¥ Related logics of information flow (AbramskyÕs MLL and RestallÕs P) include the
truth constant t. In algebraic terms, t corresponds to the identity operator 1. As a
natural next step, we might consider interpreting 1 in the context of IGfI:

¥ 1Õs behaviour is (for all x !  S):

x $ 1 = 1 $ x = x

¥ In informational terms, 1 is the information warranted by logic, or the body of
logical information. Alternatively, 1 may be thought of as the conjunction of all
theorems. In this case, 1 may act as a license for valid inferences such that:

1 /  A '  A
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The problem

¥ This has obvious utility in the context of information flow in
general, as we want to mark a distinction between information
flowing from contingent matters of fact on the one hand, and
from truths of logic on the other.

¥ But in the context of IGfI, we are already ÒinsideÓ the flow of
information in logic.

¥ In this case, although 1 may be omnipresent in a sense, it might
also be redundant. (Similarly with its semantic analogue, 0, the
Òlogic situationÓ.)

¥ But it also might not beÉ .
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A way out?

¥ Recall the internal and external perspectives from the discussion of
CCP.

¥ The internal perspective we are considering the system from a limited
interior perspective, a ÒsubsystemÓ, interpreted doxastically as the
viewpoint of a resource-bounded agent.

¥ In this context, incorporating 1 into IL would allow us to do something
like insert the Òdeducibility licenseÓ from the system as a whole, into
the agentÕs system.

¥ Adding 1 to IL would take us from semigroups to monoids. Making
proper sense of ÒmonoidalÓ information flow in the context of IGfI
remainsÉ .
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